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Abstract. By using the general solution of the refledon equation for the eight-vertex model, 
a general solution of the refleclion equation for the eight-vmex SOS model is obtained. We also 
discuss the solution of the reflection equation for the case of the RSOS model. 

1. Introduction 

It is now generally realized that the integrability of two-dimensional lattice models is a 
consequence of the Yang-Baxter equation (YBE) [1,2], which is usually written as 

(1) R I Z ( U I  - U Z ) R I ~ ( U I  - u ~ ) R z ~ ( u z  - ~ 3 )  = R Z ~ ( U Z  - u ~ ) R I ~ ( u I  - U ~ ) R I Z ( U I  - U Z )  

where the R-matrix is the Boltzmann weight for the vertex models in two-dimensional 
statistical mechanics. As usual, R ~ z ( u ) ,  R&) and Rz,(u) act in C" 63 C" 63 C" with 
RI&) = R(u)  63 1, R 2 3 ( ~ )  = 1 6 3  R(u) ,  etc. 

Recently, the integrable systems with non-trivial boundary conditions have been 
atuacting a great deal of interest, which was initiated by Cherednik [3] and Sklyanin 141. 
They introduced a systematic approach for handling vertex models with non-trivial 
boundaries, which involves the so-called reflection equation (RE): 

I 2 
where K(u)  and K ( u )  are matrices respectively acting in C"63.l and IBC", which determine 
the non-trivial boundary terms in Hamiltonian. In the case of the eight-vertex model, n = 2. 

It is well known that vertex models are equivalent to solid-on-solid (SOS) models. Pearce 
et a1 [5] first obtain the RE for interaction-round-a-face (IRF) models and give a solution 
for RSOS model with one parameter. In this paper, we will give a solution of RE for SOS 
model with 3 parameters. The paper is organized as follows. We first review the results 
obtained by Baxter, Faddev [6] and Jimbo 171. From the eight-vertex R-matrix and Yang- 
Baxter equation, the star-triangle relation is obtained. Next, we find the RE for IF@ models 
corresponding to the RE for vertex models. Then, by using the general solution of the RE 
for the eight-vertex model, the general solution of the RE for the SOS model is obtained. 
Finally, we discuss the solution of the RE for the case of the restricted SOS (RSOS) model. 
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2. Description of the model and vertex-IRp correspondence 

Iris known that many of the exactly solved two-dimensional models in statistical mechanics 
are equivalent to special cases of the eight-vertex model [8]; on the other hand, the eight- 
vertex model is a special case of the 2, Belavin model. In this paper, we will start from 
the R-matrix of the eight-vertex model, which is written as 

where 

Here H(u)  and e ( u )  are Jacobi theta functions. Their definition and properties can be found 
in 15-71, 

Next, let us introduce the set of notation used in this paper. We define 

i ' + ' . ' ( U )  SZ x;(u)) 

where 

1 
H ( f  + 2171 + U )  y,  (U) = - 

h(wd 
1 .:(U) = H ( s  + 21q - U) 

1 is an integer, s and f are arbitrary complex parameters, h(u) = H(u)e(u),  and 
wf = T + UT - K. If we let WO = - K, we can see that wf = wo + 2 q .  Here K is 
a half-period of $ ( U ) ,  with K ' / K  = -ir. One can easily check that 

Zf-','(u)?-13'(u) + Z ' + ' ~ f ( ~ ) z f + ' * f ( ~ )  = F ( u ) .  id. (6) 
where 

Explicitly, the function F(u) is independent of 1. 
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We call an ordered pair (a, b) admissible if In - 61 = 1 with a, b taking integers. Let 

denote the Boltzmann weight of the IW model corresponding to a configuration a. b, c, d 
round a face. We say that 

is admissible if (a, b), (b, c) ,  (a, d )  and (d ,  c )  are all admissible, the non-admissible weights 
are set to 0. Fb(u) and ZUb(u) are not defined if (a, b) is not admissible. One can see that 
equations (8)<t 1) can be written in the simple form 

The non-zero weights take the form 

w( l -  1.) = h ( u )  
1 + 1  1 

One can find the star-triangle relation for IRP models corresponding to the YBE for 
vertex models.. Multiplying both sides of the Yang-Baxter equation (1) from the left by 
Z'f(ul) 8 Zfe(uz) €3 Zed((u3), with the help of (12). we get 
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X Z " ( U 1 )  8 Zbc(Uz) @ Z U b ( U 3 ) .  (14) 

Thus we are led ta the star-triangle relation. Here we have used the argument that Z'-','(u) 
and Z'+'.'(u) are linearly independent [71. We write the star-triangle relation explicitly as 

(15) 
For simplicity, we use the following symmetrizability so that the face weights enjoy the 
properties: 

The symmehizability of the face weights takes the form 

and demands that 

where i = fl. One can choose 

s( l ,  1 + 1) = m 
1 

s(1, I - 1) = - 4" 

C tu> 

Thus, equation (18) can be fulfilled. Usually, the so-called Boltzmann weights for the IRF 
model refer to the symmetric face weights defined by (17). In the rest of this paper, we will 
also denote the symmetric face weights as W. One can distinguish them from each other 
from the context. By definition (17). the non-zero face weights are 

W("*' 1 I T 1  l u ) = h ( u + 2 q )  

It can easily be checked that the star-niangle relation is unaffected under the 
symmetrizability (17). 

3. The face RE and its general solution for the eight-vertex SOS model 

Now, let us examine the case of the reflection equation (2) .  Firstly, we define 

K ( g .  Q; flu) i " ( U ) K ( U ) Z " ( - U ) .  
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x K ( g ,  a;  b b d  ~'' '(uI) 8 Zed(ud. (24) 1 
By using the same argument, when we derive the star-triangle relation, we obtain the 

reflection equation for the IRF models: 
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in the same time, take the symmetrizability for face weights (17), we find that the face 
reflection equation (25) is unaffected. So. one can also use symmetric Boltzmann weights 
in (25). 

In what follows, we will find the general solution of the RE for the eight-vertex SOS 

model, which determines the boundary conditions. It is known that several groups have 
already obtained general and less general solutions of the RE for eight-vertex model [9-121, 
so it is not necessary to calculate the solution of the face RE directly from (25). One can find 
it through the known results. We choose the general solution of the RE for the eight-vertex 
model [ 111 as 

with 
0 1  1 0  

-1 0 0 - 1  (28) 

where Ci are arbitrary parameters with i = 1,2,3, here K ' / K  = ii7. 
Now, we are led to the general solution of (25). which is written as 

K ( Q ,  b; clu) = - s(b7 C ) * ( U ) K ( U ) Z b c ( - U ) .  (29) s(a, c) 
For the case of the RSOS model, the following relation should be satisfied: 

(30) 
K 
r 

q = -  w o = o  

and I is restricted to the integer values 
1 ~ 1 . 2  ,.... r - I .  

Here r is an arbitrary integer not less than 3. Just like the star-triangle relation, equation (15) 
is satisfied by the RSOS model because that the terms corresponding to g = 0, r are deleted, 
we have found that the face reflection equation is also satisfied by the RSOS model because 
that the terms corresponding to g, f = 0, r are deleted, which is caused by the relation 

h(w0) = h(w,) = 0. (32) 
Thus, in the case of b # r, a # 0, the solution (29) can also be applied to the RSOS model 
with (30). (31) being satisfied. What needs to be noted is that relation (29) is not a complete 
solution to the RE (25). 

4, Discussions and summary 

Sklyanin has shown that the 'double-row' transfer matrix with open boundary conditions 
can be written as 

t (u)  = trK+(u)T(u)K(u)T-'(-u) (33) 
where K ( u )  are solutions of the RE (2) and & ( U )  are solutions of the dual W. There is 
an isomorphism between K+(u) and K ( u )  [4]. By using the unitarily and cross unitarity 
properties of the R-matrix which has the P- and T-symmetry satisfied by the six-vertex and 
eight-vertex models, with the help of the RE and dual RE one can prove that the 'doublerow' 
transfer matrix constitutes a one-parameter commutative family 

[ t ( u ) ,  0 ) l  = 0 (34) 
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which ensures the integrability of the system. Using the vertex-Iw correspondence. the 
elements of the 'doublerow' transfer matrix for SOS model are defined as 

It is known that the face weights satisfy the inversion relations [7] and the sta-triangle 
relations. Using the face RE (25) and dual face RE, which can be obtained in a manner 
similar to that for the dual RE for vertex models, one should prove that 

[ m u ) ,  mJ)l = 0 (36) 
which ensures the integrability of the IRF models with open boundary conditions. Pearce et 
al have proved diagrammatically that D(u) form a commuting family [SI. 

In conclusion, we have found the face RE for the IRF model, and obtained the general 
solution of the RE for the SOS model. We have seen that the face RE can also be applied to the 
IRF models corresponding to the 2, Belavin model; the definition of admissible pair (U, b) 
and the face Boltzmann weights should be changed correspondingly. Though Cherednik 
and we have both obtained the solution of the RE for the Z ,  Belavin model [3.11,13], the 
solution of the face RE cannot be obtained through those results, because until now we have 
not had the explicit .%'b(~) form. Since Sklyanin found the spectrum of the Hamiltonian 
with non-trivial boundary terms for the six-vertex model by the algebraic Bethe ansatz, an 
open challenge is that of how to solve this problem for the eight-vertex model. We know 
that the startriangle relation provides the commutation relation for the eight-vertex model 
when we find the spectrum of the Hamiltonian with periodic boundary conditions; from this 
point of view, the face RE can also provide the commutation relation when we diagonalize 
the Hamiltonian with indepedent boundary conditions. 
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